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determinancies, which give rise to three external or boundary
compatibility conditions (CC22, CC23, and CC24). The CC22
establishes deformation conformity between boundary nodes
(1-5), likewise CC23 and CC24 constrains deformations along
nodes (1,6,11) and nodes (5,4,3,2,1,6, and 11), respectively.

Discussion
Bandwidth of Compatibility Conditions

The upper bound to the bandwidth of compatibility condi-
tions for a finite element model is ascertained from the loca-
tion of elements in the discretization. For example, for the
membrane shown in Fig. 1, the deformations of element 1, has
to be compatible with its neighboring elements such as
elements (1,2,3,9,10,11,12), which have been referred to as the
lower cluster. The cluster consists of seven elements; each ele-
ment has three force degrees of freedoms. The force degrees of
freedom of the cluster is (7 x 3 = 21). The maximum number of
entries in any compatibility condition which belongs to this
cluster is 21, which represents the upperbound bandwidth.
The actual bandwidth of an individual compatibility condition
is usually much smaller than its upperbound bandwidth. The
lower cluster has eight compatibility conditions, (CC\,
CC2,...,CC7 and CC19). The upperbound bandwidth of 21
represents the composite bandwidth of all of the eight com-
patibility conditions of the cluster.

Upperbound Bandwidth of External Compatibility Conditions
The bandwidth of external compatibility conditions is ex-

amined taking the example of membrane boundary case I.
Consider the elements (including their influencing elements)
along the path connecting two or more boundary nodes. Let
EBW represent the force degrees of freedom of all the
elements along the path of the boundary nodes. The upper-
bound bandwidth of the external compatibility conditions is
equal to EBW. Like the field compatibility conditions, the ac-
tual bandwidth of external compatibility condition is also
much smaller than their upper bounds. The three external
compatibility conditions (CC22,CC23,CC24) have (4,2,19) en-
tries respectively.

Computation Time
Computation time required to generate compatibility condi-

tions for several structures are reported in Ref. 5. Here a rule
of thumb is provided to estimate the upper and lower bounds
to the computations required to generate the compatibility
conditions. Consider a structure (n,m), and let the upper
bound to the bandwidth of the r = n — m compatibility condi-
tions be represented by ( 7 i , 7 2 » - - - » 7 r ) and actual bandwidths
obtained be represented as (61,62,...,6 /-). Let the total com-
putational time required to solve r sets of linear equations of
dimensions (7 i , 7 2 , - - ->7 r ) be represented by Tv. Likewise,
time for the same when equation dimensions are changed to
(5j ,62 , . . . ,b r) be ( T L ) . The bounds to the computation time to
generate the compatibility conditions of the structure are as
follows:

Upperbound time = Tv Lowerbound time = TL (11)

Only the upperbound time Tv can be estimated before the
generation of the compatibility conditions. The lowerbound
time TL9 which represents a more realistic estimation, cannot
be acertained a priori, since the actual bandwidths of com-
patibility conditions are known only after their generation.
However, for a structure with many thousands of degrees of
freedoms, the upperbound time Tv itself rerpresents a minor
fraction of total computations required for the solution of the
problem.

Conclusion
The generation of both field and boundary compatibility

conditions from deformation displacement relations utilizing

two key features: 1) compatibility bandwidth and 2) the node
determinancy concept represents an efficient procedure to ob-
tain the compatibility conditions of finite element models. The
computer program generates sparse and banded compatibility
conditions for a structure idealized by finite elements. The
program requires no more additional input data than that is
required by the finite element stiffness method. The band-
width information and node determinancy condition are
generated internally. We belive that the principle behind the
generation of the compatibility conditions for finite element
analysis, by and large, has been completed.
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Accurate Bending Analysis of
Laminated Orthotropic Plates
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Introduction

M ANY advances have been made in the theoretical devel-
opment of higher-order theories for composite plates to

account for shear deformation. A careful examination of the
three-dimensional elasticity solution by Pagano1 for a bidirec-
tional composite plate reveals the nonlinearity of inplane dis-
placements u and v in any layer with respect to thickness
coordinate, as well as a sudden change of their slopes at the
interfaces between two layers. By comparison with elasticity
solution, Bert2 evaluated different refined plate theories and
concluded that a discrete layer version of a higher-order theory
should be accurate.

Discrete layer theories proposed earlier incorporate either
the slope discontinuity at an interface3 or the nonlinear varia-
tion of u and v4, but not both. Further they have the number
of unknown variables increasing with the number of layers,
thus making the analysis costly for practical laminates.
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A refined plate theory incorporating piecewise cubic varia-
tion of u and v through the thickness, slope discontinuity at the
interfaces, and zero shear conditions on the lateral surfaces
was proposed in Ref. 5. By enforcing the continuity of the
transverse shear stresses at the interfaces, the number of un-
known variables was kept independent of the number of lay-
ers. The theory was found to be very accurate for an infinite
plate strip undergoing cylindrical bending. The theory pre-
sented herein is a modification of that of Ref. 5 and is valid for
laminated orthotropic plates with finite boundaries, subjected
to transverse loading in both the inplane directions.

Theory
The laminate composed of a finite number TV of orthotropic

layers is of constant thickness h . The plate is referred to as a
Cartesian coordinate system x, y , and z such that it is simply
supported on the boundaries x = 0, a and y = 0, b and is
subjected to a transverse normal load q (x, y) on the top
surface z = — h/2. The axes of material symmetry are parallel
to the plate axes x, y , and z . The deformations are assumed to
be small and the material to be linearly elastic.

The displacement field is assumed to be of the form

- z(dw0/dx)

t

v = v0 - z(dw0/dy) +p(z)v\

(1)

+ £ [p(z)-p(zM:(x,y)H(z-Zi)
/ = 1

where p(z) = z - (4z3/3/z2).

In the aforementioned displacement field, H(z) is the Heav-
iside unit step function, and the summation is extended over
TV — 1 interfaces; Zi is the z coordinate of the /th interface, the
one between /th and (/ + l)th layers, and UQ = v0 for symmetric
laminates.

By satisfying the transverse shear stress continuity in adja-
cent layers at each interface, the following expressions are
obtained.

<t>k=rkui

where

and - tkvl9 k = 1, 2, ... TV - 1

r, =

tk = - l 1

The displacement variables are chosen in the form

WQ = Amn since* sin(3y

(UQ,UI) = (Bmn,Dmn) cosax shifty

(VQ,VI) = (Cmn,Emn) since* cosfty (3)

where a = m it/a and (3 = n ir/b. These satisfy the boundary
conditions: w = w9XX = Nx = 0 at x = 0, a and w = w,yy
= Ny -Oa t y = 0, b.

When the terms involving the H(z) are deleted in Eq. (1), the
present model corresponds to the smeared laminate model of
Reddy.6

The strains and stresses are expressed in terms of the coeffi-
cients Amn to Emn by using Eq. (3) in strain-displacement and
plane-stress reduced constitutive relations. The total potential
energy

for k -2,3,... TV-1 (2)

(<rxex + ayey + rxyyxy + rxzyxz + ryzjyz)dxdydz

- qw0 dx dy
j J

is obtained in terms of Amn to Emn as

Ut = P\Amn + P^Bmn + P^Cmn + P±Dmn

+ P$Emn + P^AmnBmn + P-]AmnCmn + P%

+ P^AmnEmn + P^BmnCmn + P\\BmnDmn

where P/5 (except P16) are integrals over the thickness of the
laminate and cannot be given in a general form for all lamina-
tions. The governing equations in terms of Amn to Emn are
obtained by the principle of minimum total potential and are
solved to obtain the coefficients and, hence, displacements,
strains, etc.

Numerical Results
Different laminates — with symmetric, antisymmetric, and

unsymmetricstacking - were analyzed using the present ap-
proach. However, detailed results will be presented only for
the following cases.

Case 1 : (0/90 deg)4, 0 deg laminate under q = qQ sm(irx/a)
sm(iry/b) (see Table 1).

Case 2: (0/90/0 deg) laminate subjected to 1) Uniformly
Distributed Load UDL, 2) linearly varying load q = <?0 (x/a)
and 3) central point load P (see Table 2).

The results for the other cases will be briefly discussed in the
next section.

Table 1 Nondimensionalized deflection and stresses in nine-ply symmetric square laminates under sinusoidal loading

a/h

4

10

20

100

Source w(a/2,b/2,0) ax(a/2,b/2,h/2) Txy(Q,0,h/2) TXZ(Q,b/2,Q]
Present 4.0507
Pagano7 4.079
Present
Pagano7

Present
Pagano7

Present
Pagano7

.5079

.512

.1281

.129

.005

.005

0
0
0
0
0
0
0
0

7217 -0.03295
649, -0.684 -0
5578
551
5421
541
5388
539

-0
-0
-0
-0
-0
-0

0328, + 0.0337
0233
0235, +0.0233
02180
0219
0213
0213

0
0
0
0
0
0
0
0

2106
223
2449
247
2546
255
2587
259

Tj,z(0/2,0,0) dy(a/2,b/2,2h/5)
0.2211
0.223
0.2266
0.226
0.2215
0.221
0.2188
0.219

0
0
0
0
0
0
0
0

6132
628
4754
477
4439
444
4315
431

w=\OOETw/q0hs\ (ax, ay, xzt ryz) where 5 = (a /h).
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Table 2 Nondimensionalized deflection and stresses for various loadings (a/b =1, 0/90/0 deg

a/h Rb

9

19
4 29

49

9

19
10 29

49

9

19
20 29

49

9

19
100 29

49

a Values inside
bm = n = \t 3,
c m - l , 2, 3, .

Uniformly distributed load qo
w ax ay Txy

3.0049
(2.9103)a

3.0041
3.0041

(2.9091)
3.0041 1.2019 0.8311 -0.7486

(2.9091)
1.1576

(1.0903)
1.1573
1.1573

(1.0900)
1.1573 0.8769 0.3615 -0.0419

(1.0900)
0.7961

(0.7761)
0.7960
0.7960

(0.7760)
0.7960 0.8263 0.2380 -0.0333

(0.7760)
0.6714

(0.6705)
0.6713
0.6713

(0.6705)
0.6713) 0.8084 0.1934 -0.0301

(0.6705)

the parentheses refer to Ref. 6.
5, ... R.
.. R and 77 = 1, 3, 5, ... R.

Rb

49

199
229

239

49

199
229

239

49

199
299

239

49

199
229

239

Central concentrated load P
W * Ox Oy Txy

11.4073

11.4328
11.4328

11.4328 43.1872 40.3687 -1.4169

4.4279

4.4508
4.4508

4.4508 34.9279 31.1488 -1.1411

2.8334

2.8501
2.8501

2.8501 28.9505 24.5791 -0.9661

2.1659

2.1684
2.1684

2.1684 15.6423 12.6314 -0.6174

Rc

9

19
29

49

9

19
29

49

9

19
29

49

9

19
29

49

Linearly
vv

1.0550

1.0547
1.0547

1.0547 0.

0.5383

0.5381
0.5381

0.5381 0.

0.3799

0.3799
0.3799

0.3799 0.

0.3253

0.3253
0.3253

0.3253 0.

varying load (go* /a)
0X Oy Txy

4018 0.3269 0.0279

3647 0.1767 0.0189

3595 0.1192 0.0157

3578 0.0973 0.0144

P a 3 ' '
axbh ovbh
———, a* = -*•——, and T* = i

Pa Pa

The following engineering constants have been used:
EL = 25 x 106 psi, ET = 106 psi, GLT = 0.5 x 106 psi, GTT =
0.2 X 106 psi, VLT = VTT = 0.25.

In-plane stresses are computed using the constitutive equa-
tions, whereas the transverse shear stresses are obtained from
the three-dimensional equilibrium equations. Problems under
case 2 have been solved by the method of Fourier expansion.

Discussion
The present results are in good agreement with the elasticity

solution7 for the nine-ply symmetric laminates as shown in
Table 1. Limited studies of other laminates indicate that the
present model is more accurate than the corresponding
smeared laminate theory6 for all cases except that of the (90/0
deg) laminate and a very thick (0/90 deg)5 laminate (a/h - 4).
The present model is based on a symmetric shear stress distri-
bution through the thickness. The corresponding displacement
distribution is not realistic in (90/0 deg) laminate, and hence
the poor performance cited above can be expected.

It can be seen from Table 2 that the series for the displace-
ment variables converges faster than in the smeared laminate
model for DDL (10 x 10 terms as against 20 x 20 terms of Ref.
6). For the linearly varying and central concentrated loads, the
convergence is obtained with 10 x 10 and 100 x 100 terms,
respectively. The authors believe that the results presented here
for symmetric and asymmetric loadings would serve as refer-
ence for finite-element analyses.

Finally, it is of interest to see at what additional labor the
improvement in accuracy over Ref. 6 is arrived at in the pre-
sent theory. Additional computation is required only for the
evaluation of rk and tk [Eq. (2)], which has to be done only
once for all layers and involves simple arithmetic. Thus the

cost of analysis is believed to be more or less equal to that of
Ref. 6.

The present formulation can be extended to study the buck-
ling and free vibration behavior of laminated plates.
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